The Gelfand representation of S n is the multiplicity-free direct sum of the irreducible representations of S n . In this paper, we use a result of Adin, Postnikov, and Roichman to find a recursive generating function for the Gelfand character. In order to find this generating function, we investigate descents of so-called λ-unimodal involutions.
Introduction
A permutation is unimodal provided its one-line notation is increasing, then decreasing. Given any composition λ of the positive integer n, we say that a permutation is λ-unimodal if it is comprised of contiguous unimodal segments whose lengths are determined by λ. These λ-unimodal permutations are the topic of research by numerous authors, although they are not often studied as purely combinatorial objects, and first appeared in the study of characters of the symmetric group; see for example [1, 2, 4, 6, 10, 11] . In [3] , the first author of this article investigated λ-unimodal cycles and their application to a specific character of the symmetric group. Here, we investigate λ-unimodal involutions, i.e., those λ-unimodal permutations that are their own algebraic inverse, and we use them to compute the Gelfand character.
In [1, 2] , it is shown that these involutions have a direct relationship to the Gelfand character, χ G , which is the character associated to the representation of S n obtained by taking the multiplicity-free direct sum of the irreducible representations of S n . For example, see [1] . Specifically, if I λ denotes the set of λ-unimodal involutions and des λ (π) denotes the number of λ-descents of a permutation π (defined in Section 2), then
The bulk of this paper is dedicated to enumerating λ-unimodal involutions via a recursive generating function. This can be further refined to a generating function for λ-unimodal involutions with a given number of λ-descents, which in turn gives a generating function for the Gelfand character (see Theorem 4) . This yields a new way of computing the Gelfand character other than the Murnaghan-Nakayama rule; see [8, 9, 5, 11] for more. This also gives us an approach to address an open question in [12] , in which Roichman comments on the desirability of combinatorial proofs to the given character formulas, such as Equation (1) .
In addition, we provide a combinatorial proof for a formula for the character of the regular representation of S n . This formula appears in [2] . In Section 3, we prove this character formula by showing that for λ n,
which coincides with the regular representation.
Background and Notation
Let S n be the set of permutations on [n] = {1, 2, . . . , n}, and write π ∈ S n in its one-line notation as
that is, π is increasing then decreasing. Similarly, any sequence or segment is unimodal if it is increasing, then decreasing. A composition of the integer n, denoted λ n, is a sequence of positive integers λ = (λ 1 , λ 2 , . . . , λ k ) such that λ i = n. Given a composition λ = (λ 1 , λ 2 , . . . , λ k ) n, we say that π ∈ S n is λ-unimodal provided π is composed of k contiguous segments, where the i-th segment is unimodal of length λ i where i ∈ [k]. For example, the permutation π = 129654873 ∈ S 9 is (5, 4)-unimodal because the first five entries 12965 and the last four entries 4873 both form unimodal segments of π; the pictorial representation of this permutation can be seen in Figure 1(a) .
The permutation π ∈ S n has a descent at position i if π i > π i+1 . The descent set of π, denoted Des(π), is the set of descents and the descent number of π, denoted des(π), is the number of descents of π. If λ = (λ 1 , λ 2 , . . . , λ k ) n, we say that i is a λ-descent of π if i is a descent that occurs within a segment of length λ i for some i ∈ [n]. In other words, we define the set of λ-descents of π, denoted Des λ (π), to be the set
We let des λ (π) denote the number of λ-descents of π. For example, if λ = (5, 4) and π = 129654873 ∈ S 9 , then we have des(π) = 5 and des λ (π) = 4. In this example, the descent at position 5 is not a λ-descent.
Finally, π ∈ S n is an involution if it is comprised of only disjoint transpositions and fixed points. Equivalently, every involution is it own inverse and in its pictorial representation, every involution is symmetric about the diagonal. The (4, 3, 2)-unimodal involution 476183259 ∈ S 9 is depicted in Figure 1(b) . Finally, let S λ denote the set of λ-unimodal permutations, and let I λ denote the set of λ-unimodal involutions. For example, 129654873 ∈ S (5, 4) and 129654873 ∈ I (5, 4) ; also 476183259 ∈ I (4, 3, 2) . 3 Character of the regular representation on S n Let χ R denote the character of the regular representation of S n , and let χ R λ denote the value that representation takes on conjugacy class λ. The following theorem appears in [2] .
Theorem 1 ([2]
). For n ≥ 1 and λ n,
In this section, we provide a combinatorial proof of this theorem using the following proposition concerning λ-unimodal permutations and λ-descents. If λ = (λ 1 , λ 2 , . . . , λ k ), let n λ denote the multinomial coefficient given by
Proof. The multinomial coefficient n λ counts the partitions of [n] into k parts, the i-th of which is size λ i . The i-th segment of the λ-unimodal permutation is unimodal and comprised of the λ i elements determined by this partition. Since it is unimodal, it is enough to say which elements lie to the right of the maximum. Let M ⊆ [n] be the set of k elements that are the maximum in their part. Choose d of the elements in [n] \ M to lie to the right of the maximum in each part. There are
ways for this to be done.
For example, suppose that λ = (3, 5, 1) and the number of descents is d = 3. If we take the partition of [n] to be {{1, 6, 8}, {2, 4, 5, 7, 9}, {3}}, then M = {8, 9, 3}. If we choose our two elements from [n] \ M to be 2, 6, and 7, then we obtain the permutation 186459723, which is a (3, 5, 1)-unimodal permutation with three λ-descents.
The next corollary follows immediately from Proposition 1.
In our proof of Theorem 1, we show that the number of λ-unimodal permutations with an even number of λ-descents minus the number of λ-unimodal permutations with an odd number of λ-descents coincides with the character of the regular representation on conjugacy class λ.
Proof of Theorem 1. First, notice that when λ = (1, 1, . . . , 1), there are always exactly zero λ-descents. Also, every permutation is trivially a λ-unimodal permutation, so in the case where λ = (1, 1, . . . , 1), we have
Since we have a sum of alternating binomial coefficients, we get zero as our sum. Thus,
which exactly coincides with the character of the regular representation.
λ-unimodal involutions
In this section, we let Λ k denote the set of integer compositions into k positive integer parts and let
is a function on variables x 1 and x 3 only. Let x λ denote the monomial
k . We first define three generating functions as follows. Recall that I λ is the set of λ-unimodal involutions. Let I λ j be the set of λ-unimodal involutions, where either π 1 ≤ λ 1 + · · · + λ j and the first segment is decreasing or where π 1 > λ 1 + · · · + λ j . Finally, let D λ i be the set of λ-unimodal involutions, where π 1 ≤ λ 1 + · · · + λ i and the first segment is decreasing. We define the generating functions L k (x), L k j (x), and D k i (x) as follows:
We find recursive formulas for these generating functions below.
To prove Theorem 2, we start with a few lemmas to establish the base cases and recurrences. For π ∈ S n with π = π 1 π 2 . . . π n and σ ∈ S m with σ = σ 1 σ 2 . . . σ m , we let π ⊕ σ ∈ S n+m such that
For example, if π = 312 ∈ S 3 and σ = 635421 ∈ S 6 , then π ⊕ σ = 312968754 ∈ S 9 . Lemma 1. If n ≥ 1, then there are n unimodal involutions in S n . Consequently, the generating function
Proof. Clearly there is only one unimodal permutation of length 1 and it is an involution. We proceed by induction. For any π ∈ I (n) with n ≥ 2, either π 1 = 1 or π n = 1. Notice that if π 1 = 1, then π ∈ I (n) if and only if π = 1 ⊕ σ with σ ∈ I (n−1) . If π n = 1, then necessarily π 1 = n, and thus π is the decreasing permutation that is indeed an involution. Therefore, |I (n) | = |I (n−1) | + 1, which in turn implies that |I (n) | = n, and thus the result follows.
Clearly, the number of unimodal involutions in S n that are strictly decreasing is 1 for each n and thus D 1 1 (x) =
Lemma 2. For any λ = (λ 1 , λ 2 , . . . , λ k ) n, the number of λ-unimodal involutions for which the first λ 1 elements are decreasing and π 1 ≤ λ 1 is equal to the number of λ ′ -unimodal involutions, where λ ′ = (λ 2 , . . . , λ k ) n − λ 1 . Consequently, the generating function for these permutations is given by D k 1 (x) =
Proof. If the first λ 1 elements of the λ-unimodal involution π form a decreasing sequence and
For any σ ∈ I λ ′ , we can obtain a λ-unimodal involution with the necessary property by taking π = δ λ 1 ⊕ σ, where δ λ 1 is the decreasing segment of π with length λ 1 . The result now follows.
With the base cases of Theorem 2 established, we can now prove the recurrences given in Theorem 2. For convenience, we establish the following notation. If λ = (λ 1 , λ 2 , . . . , λ k ) n, then letλ = (λ 1 − 1, λ 2 , . . . , λ k ); when λ 1 = 1, we implicitly assume thatλ = (λ 2 , λ 3 , . . . , λ k ). Also, letλ 1 = (λ 1 − 2, λ 2 , . . . , λ k ), and for i ∈ {2, 3, . . . , k}, we let
where again if λ 1 = 1 or if λ i = 1, we omit these terms fromλ i altogether. 
Proof. We will establish the following equivalent formula
Suppose that π ∈ I λ , and consider the position of 1 in the permutation π. Since π is λ-unimodal, 1 must occur at the beginning or end of some unimodal segment. That is, if π j = 1, then j ∈ {λ i : i ∈ [n]} ∪ {λ i + 1 : i ∈ [n − 1]} ∪ {1}. Two cases follow.
Figure 2: This figure demonstrates the case in proof of Lemma 3 when 1 lies in the first segment (i.e., when π 1 = 1 or π λ 1 = 1). In the left-most picture, the "×" in the bottom left corner together with the shaded portion contribute x 1 L k−1 (x;x 1 ). In the second picture, we obtain a contribution of x 1 L k (x); in the third picture, we obtain a contribution of x 2 1 L k−1 (x;x 1 ); in the fourth picture, we obtain a contribution of
First, assume that 1 lies in the first segment (of length λ 1 ) and consider the following four possible subcases, pictured in Figure 2 . If λ 1 = 1, then we have π 1 = 1 and π = 1 ⊕ σ, where σ is aλ-unimodal involution. This contributes x 1 L k−1 (x;x 1 ) to the sum. If λ 1 > 1 and π 1 = 1, then π = 1 ⊕ σ, where σ is aλ-unimodal involution, which contributes x 1 L k (x) to the sum. If λ 1 = 2 and π 2 = 1, then we necessarily have that π 1 = 2 since π is an involution. Hence we must have π = 21 ⊕ σ, where σ is aλ 1 -unimodal involution. This contributes x 2 1 L k−1 (x;x 1 ) to the sum. Finally, if λ 1 > 2 and π λ 1 = 1, then we must have π 1 = λ 1 and in turn π = λ 1 α1β, where the permutation σ = αβ is order-isomorphic to aλ 1 -unimodal involution with the added condition that σ 1 >λ 1 1 or σ 1 ≤λ 1 1 and σ 1 . . . σλ1 1 is decreasing. This contributes x 2 1 L k 1 (x) to the sum. Now assume that 1 lies in the i-th segment with i > 1, and consider the six subcases pictured in Figure 3 . If λ 1 = λ i = 1 and π(s i λ ) = 1, then we must have π = s i λ α1β, where the permutation σ = αβ is order-isomorphic to aλ i -unimodal involution. This contributes x 1 x i L k−2 (x;x 1 ,x i ) to the sum for each i > 1. If λ 1 > 1 and λ i = 1 (and thus π(s i λ ) = 1), then we must have that π = s i λ α1β, where the permutation σ = αβ is order-isomorphic to ā λ i -unimodal involution with the added condition that σ 1 > s In the former case, we have that π = s i λ α1β, where the permutation σ = αβ is order-isomorphic to aλ i -unimodal involution and in the latter case, we must have that π = (s i−1 λ + 1)α1β, where the permutation σ = αβ is order-isomorphic to aλ i -unimodal involution. Together, these contribute 2x 1 x i L k−1 (x;x 1 ) to the sum for each i > 1.
Finally, we have the subcase when λ 1 > 1 and λ i > 1. In this instance, we must have either π(s is decreasing. Together, these contribute
] to the sum for each i > 1. 
Proof. We will establish the equivalent formula
The proof is similar to the one for Lemma 3, so we omit some of the details; the associated figures are also very similar to those in Figure 3 . Let π ∈ I λ , where π 1 ≤ s j λ and π 1 . . . π λ 1 is decreasing or π 1 > s j λ . In the first case, we get exactly those permutations enumerated using the generating function D k j (x). Otherwise, we must have that π 1 > s j λ , which implies that if π k = 1, then k > s j λ . Thus for any i ≥ j + 1, we can add i either to the beginning or end of the i-th unimodal segment. Again, there are six cases, as pictured in Figure 3 .
The case when
] to the sum for each i ≥ j + 1.
Again, this proof is very similar to the proof of Lemma 3. The associated figures can be found in 
] to the sum. 
λ-descents and involutions
These results of Section 4 can quickly be extended to include λ-descents. Let I λ (d) denote the set of permutations π ∈ I λ such that des λ (π) = d. Similarly, let I λ j (d) denote the set of permutations π ∈ I λ j such that des λ (π) = d, and let
and
With this notation, we obtain the following theorem.
Proof. We can keep track of descents by considering where we add new terms in the proofs of Lemmas 1, 2, 3, 4, and 5. First consider Lemma 1 where the number of unimodal involutions are enumerated. In this case, if π 1 = 1, then π = 1α provided α is a unimodal involution with the same number of λ-descents as π. If π n = 1, then there are n − 1 descents. Thus L 1 (x, t) = x 1 (1 − x 1 ) (1 − x 1 t) . Now consider Lemma 2. If we have a λ-unimodal involution where π 1 π 2 . . . π λ 1 is decreasing and π 1 ≤ λ 1 , then we must have π = δ λ 1 α where α is a λ ′ -unimodal permutation (with λ ′ = (λ 2 , . . . , λ k )). In this case, π has λ 1 − 1 more λ-descents than α. Therefore, D k 1 (x, t) = x 1 1 − x 1 t L k−1 (x, t;x 1 ).
Next, Lemma 3 to compute L k (x, t). It is clear from the pictures in Figures 2 and 3 where λ-descents are added. Consider Figure 2 . In the first three subcases, no λ-descents would be added. However, in the last subcase, we would get an extra two λ-descents if the first segment (of length λ 1 ) were decreasing (one descent in position 1 and one descent in position λ 1 − 1). When considering Figure 3 . Subcases 1 and 3 add no λ-descents; subcases 2, 3, and 4 add one λ-descent; and subcase 6 adds two λ-descents. This gives us the recurrence for L k (x, t). For Lemma 4, to compute L k j (x, t), we need only consider Figure 3 . The result is similar to that for L k (x, t).
Finally, to compute D k i (x, t), consider the proof of Lemma 5 and in particular, Figure 4 . In subcases 1 and 3, no λ-descents would be added. In subcases 2, 4, and 6, one λ-descent would be added. Two λ-descents would be added in subcase 5.
The Gelfand character
In this section, we state the main theorem of the paper. Define
where χ G is the Gelfand character mentioned in the introduction, Λ k is the set of integer compositions of length k, and χ G λ is the value the character takes on the conjugacy class given by λ.
Notice that by Equation (1),
